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Abstract:

Throughout the course of this investigation, we will define and discuss covering properties of the semi-Hurewicz
type in ditopological texture spaces. In this study, we examine the behavior of semi-Hurewicz and co-semi-
Hurewicz selection qualities in the presence of disrepair and differentiations across ditopological texture spaces.
Specifically, we look at how these selection qualities behave in the presence of disrepair and differences between
texture spaces. An ancient question posed by A.V. Arhangel'skii inquires as to whether or not the Menger
property of a Tychonoff space, denoted by X, is maintained by homeomorphisms of the space denoted by Cp(X).
Regarding the question of linear homeomorphisms, we give an answer that is positive. In order to achieve this
goal, we devise a strategy for researching invariants of linear homeomorphisms of function spaces Cp(X) by
observing the positioning of X within its (Cech-Stone) compactification.
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Introduction

The foundations of the idea of selection principles were laid in the first part of the 19th century. It has been
determined that the following is the general form of the classical selection rules that apply in topological spaces:

Let S be an innite set and let A and B be collections of subsets of S. Then the symbol S1(A, B) denes the
statement:

For each sequence (Anln-=0f elements of A there is a sequence (bslw= such that for each n, we have
b,c Ay, and {b,} e © B

If O denotes the collection of open covers of a topological space (X, T) then the property S1(O, O) , sometimes
known as the Rothberger covering property, was developed and first proposed by Rothberger. in [1].

In a similar vein, there is also the selection theory. Su{4. B) js defined as:

For each sequence [Aalu== of a progression may be seen in the elements of A. (Brla== such that for each n, we

o . 1dn, and By = 'B.
have Bn is finite subset of HL;JM

K. Menger's contribution to [2] in 1924 was the introduction of a characteristic that is equal to Srin(0, 0) as

well as was demonstrated by W. Hurewicz in [3] in the year 1925. The piece of property Sﬁn(ﬂs 0) is known
as the Menger covering property.
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In 2016, Sabah et al. demonstrated in [4] that in topological space X, if X satisfies certain conditions, then X
possesses the s-Menger property (or the s-Rothberger covering property; see [5]).
Sfin(s0, s0) (resp. 51(s0, s0O)) where s'O denotes the family of all semi-open covers of X.

We advise readers who are more interested in the theory of selection principles and its links with other fields of
mathematics to look at [6-10] for further information.

Within the scope of this research, we investigate the characteristics of ditopological texture spaces in relation to

the following standard Hurewicz property: [3] Usin (A, B): Eor each sequence {An}nen of elements of A,
which  do not contain a finite ub-cover, there exist nite (possibly empty) subsets

Bn C An,n € Nand {{JBn}scn € B. | It was shown in [11] that the Hurewicz property is of the Sks-type for
appropriate classes of A and B.

Preliminaries

The concept of a texture space was first presented by L. M. Brown in 1992 during a conference on fuzzy systems
and artificial intelligence that was held in Trabzon. Brown referred to this concept as fuzzy structure. The first
appearance of textures may be traced back to the point-based description of the relationship between the lattices
of L-fuzzy sets and the Hutton algebras. This representation offered a productive setting in which to investigate
complement free concepts in mathematics. The definition of the texture space is as follows, which we will now
recall.

FC P

Texture space: [12] If S is a set, a texturing S)is complete, point separating, completely distributive lattice

containing S and @, and, for which finite join Vv coincides with union U and arbitrary meet“ﬁ“coincides with

intersection [ Then the pair (S 3js called the texture space.
A mapping ¢ :

A mapping o : ¥ — 3 satisfying o {A) = A, foreach A € Sand A C B implies o(B) C o(A), VA, B £ 3
is called a complementation on (5, %) and (8, &, o) is then said to be a complemented texture [12]. The sets
P ={A € 3|5 € Aland Qs = /[P, |t € 5, 5¢ P;} defines conveniently most of the properties of the
texture space and are known as p-sets and g-seis respectively.

For A £ 3 the core A%f A is defined by A" = {5 £ §| A € Q:}. The set A"does not necessarily belong
to 5.
If (S, Pis)), (L, %,) are textures, then the product texture of (S, P(5)) and (£, %;) is P(5) ®%; for which
P, ,and am, denotes the p-sets and g-sets respectively. For s © 5, £ £ we have p-sets and g-sets in the
product space as following :

Flh.ﬂ = {s} = P
ﬁ:j.rl =[S\ {5} = T)u (5= Q).

Direlation: [13] Let (S, 1), (£, 32) pe textures. Then for " € P15)2 2 gatisfying:
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{R!}f'?:gu.r] and Py @ Qs implies r @ Qs y, B

(Rz) r € Qy py thenthereis § € Ssuchthat Ps € Qzandr & Qg .

is called relation and for B & P(5)® &%, such that:

(CR1) Pisy @ Rand Ps ¢ Q; implies Py y ¢ R,

(CR;) If P, , Z R then there exists § € Ssuch that P; ¢ Qsand P , € R,

is called a corelation from (5, P(S]) to (L, %:). The pair (r, R) together is a direlation from (S, %) to (£, S3).

Lemma 2.1 ([13]) Let (r, R) be a dereliction from (S: %)t (T.%2).J 3 phe an index seti € ¥ 7 € Jand B;
32 9 2 .- Then:

() r (N B)=r BjandR*([ A = (R4,
i€l el i€l el
2)r7(Y 4) =IV r”A;and R“(\/ B)) =I"'&'.-"' R “B;.

=l =) i€l =l

Difunction: Let be a direlation from (S, %1} to (£, 33). Then (f, F) : (S, 1) = (£, 32) js @ malfunction in the event that
it satisfies both of the following conditions:

(DF1) Fors,§ € 5,P, ¢ Q; == t € Lwithf ¢ Q, yand Py, ¢ F
(DF2) For t,{ € Lands €S, f ¢ Q. qand P, ¢ F= P, ¢ Q..

Dentition 2.2([13]). Let s F):(S,31) > (£, 32) pe a dysfunction. For A € =1, the image f —(A) and co image F
——(A) are defined as:

F(A) =[Qe 295, f € Qs == A C Qs),
F*A)= \_,F{P, :¥s, Py @ F= Ps C A},

and for B £ “i2.the inverse image f «—(B) and inverse coimage F «—(B) are dened as:
B =\/{Ps:¥t, f € Q= PiC B},
F(B)=[){Qs:vt, Py € F== BC Q)

The inverse image and the inverse co image of a difunction are equal, but the image and the coimage are often
not equal to one another.

Lemma 2.3([13]). For a direlation'{/+ F) from (S, 51) to (T, 52) the following are equivalent:
(2) (f, F) is a direlation.

(2) The following inclusion holds:

(a) fE(F'A)) C A C FO(f *(A); YA € 3y, and
(b)f FE(B)CBC F*(f“(B));; VB € 32
(3)f €(B) = F€(B): vV B € .
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Definition 2.4 ([13]). Let (f, F) : (S, 55,) = (£, 5;) be a difunction. Then (f, F) is called surjective if it satisfies
the condition:

(SUR) Fort,f € £L,P; ¢ Qy = 3s€ S, & Q. yand Py € F.

Similarly, (f, F) is called injective if it satisfies the condition

(IN])Fors,$ € S,and t € Lwithf ¢ Qi yand Py € F = P; ¢ Q;.

b —

We now recall the notion of ditopology on texture spaces.

Definition 2.5 ([14]). A pair (1, ) of subsets of % is said to be a ditopology on a texture space (S, %), if t C S
satisfies:

(1) S5.der.

{2) Gy, G; & Timplies G, N Gz € T and

(3) Gaert,ac limpliesV Ga e 1,

and x C % satisfies: ‘

1) S5dex

(2) F,,F; c ximplies F; UF; € x and

(3) Facx,aclimplies(Fa € K,

Both the inverse image and the inverse co image of a difunction have the same value; however, the image and
the coimage of a difunction do not always have the same value.

Note that in ditopology, in general, we do not consider there to be any link between the open sets and the closed
sets. In the event that the texture space is supplemented (5.3, o). Tand « are connected by the relation k = o(t),
where o is a complementation on (S, =), that is an inclusion reversing involution ¢ : ~ == <.then we
calcomplemented ditopology on(S: <)- A complemented ditopological texture space is denoted by (8. ¥, @, 7. x). |n

this specific instance, we have o(4) = (0(4))" and a(A”) = (o{A)),\where ()" both the interior and the closing are
denoted by this symbol. Keep in mind that this pertains to a ditopology. (7: ) on (5,5), for A € 3 the closure of A
for the ditopology (7. %)js denoted by (A) and defined by

(@) =[|{Fex:ACF},
The interior of A is represented by the symbol (A), and it is defined as
(A =\/{Ger:6c A}

The reader is directed to visit for definitions of any terminology that are not included here.[6, 13, 15].

In 1963, Norman Levine published [16] where he presented for the first time the concept of semi-open sets in
topological spaces. This notion of semi-open sets was first introduced in topological spaces by Dost in 2012. In
2012, he expanded it to ditopological texture spaces. [17].

It is known from [17] that in a ditopological texture space 5+ 7+
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1. A ¢ % is semi-open if and only if there exists a set G € O0(S) suchthat G C A C G.

2. B £ % is semi-closed if and only if there exists a set F € C(S) such that (F)° CTBC F.

3. O(8) C 50(5) and C(5) € SC(5). The collection of all semi-open (resp. semi-closed) sets in % is denoted
by S0(S, &,1, &) or simply S0(5) (resp. SC(S, 5, 7, k) or simply SC(5)). SR(5) is the collection of all the
semi-regular sets in 5. A set A is semi-regular if A is semi-open as well as semi-closed in 5.

4. Arbitrary join of semi-open sets is semi-open.

5. Arbitrary intersection of semi-closed sets is semi-closed.

If the ditopological texture space (S, =,, ) has a semi-open representation of A, then its complement might not be
semi-closed. Every semi-open set is also open, however a set that is just semi-open could not be open. It's possible
that the intersection of two semi-open sets won't be semi-open, but the intersection of an open set and a semi-
open set is certain to be semi-open. However, in the situation of complementing ditopological texture space (S,
=,,, ), A =issemi-open if and only if (A) is semi-closed. In general, there is no link between semi-open and semi-
closed sets. In this notation, () indicates the semi-interior, while () indicates the semi-closure.

Conclusion

In this study, we explore the behavior of semi-Hurewicz and co-semi-Hurewicz selection qualities in the presence
of disrepair and differentiations between ditopological texture spaces. Specifically, we look at how these
selection qualities behave when disrepair and differentiations occur. A Hurewicz space is a topological space in
mathematics that fulfills a certain basic selection principle that generalizes -compactness. This principle is known
as the Hurewicz selection principle. A space is said to be a Hurewicz space if, for any series of open covers of
the space, there are finite sets in such a way that every point in the space belongs to all but a finitely number of
the sets.
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